In this article we present an unpublished proof of W. Thurston that pure braid groups have the congruence subgroup property.
Introduction
Let S g,n denote a surface of genus g with n punctures. The pure mapping class group PMod(S g,n ) of S g,n is the subgroup of the group Diffeo + (S g,n )/Diffeo + 0 (S g,n ) of orientation preserving diffeomorphisms that fix each puncture modulo isotopy; this definition differs from the notion of a pure mapping class when g = 0. The Dehn-Nielsen Theorem (see [8, Theorem 3.6] for instance) affords us with an injection of PMod(S g,n ) into the outer automorphism group Out(π 1 (S g,n )). Being a subgroup of Out(S g,n ), the pure mapping class group PMod(S g,n ) is endowed with a class of finite index subgroups called congruence subgroups. For each characteristic subgroup K of π 1 (S g,n ), we have an induced homomorphism PMod(S g,n ) → Out(π 1 (S g,n /K)). When K is finite index, the kernel of the induced homomorphism is a finite index subgroup of PMod(S g,n ). These subgroups are called principal congruence subgroups (see Section 2 for a more general discussion) and any finite index subgroup of PMod(S g,n ) containing a principal congruence subgroup is called a congruence subgroup. The purpose of this article is to address the following problem sometimes called the congruence subgroup problem (see [2] , [10] ): Congruence Subgroup Problem. Is every finite index subgroup of PMod(S g,n ) a congruence subgroup? The congruence subgroup problem for pure mapping class groups PMod(S g,n ) is a central problem for understanding Mod(S g,n ) and PMod(S g,n ). A positive answer allows one a means of understanding the finite index subgroup structure of Mod(S g,n ) and thus profinite completion of Mod(S g,n ). A few potential applications are a more precise understanding of the subgroup growth asymptotics for Mod(S g,n ) and a better understanding of the absolute Galois group Gal(Q/Q) via its action on the profinite
Preliminaries
For a group G, the automorphism group of G will be denoted by Aut(G). The normal subgroup of inner automorphisms will be denoted by Inn(G), and the group of outer automorphisms Aut(G)/ Inn(G) will be denoted by Out(G). For an element g ∈ G, the G-conjugacy class of g will be denoted by [g] . The subgroup of G generated by a set of elements g 1 , . . . , g r will be denoted by g 1 , . . . , g r . The center of G will be denoted by Z(G) and the centralizer of an element g will be denoted by C G (g).
Congruence subgroups
Let G be a finitely generated group and Λ a subgroup of Aut(G) (resp. Out(G)). We say that a normal subgroup H of G is Λ-invariant if λ (H) < H for all λ in Λ. For such a subgroup, the canonical epimorphism
When H is finite index, ker ρ ⋆ H (resp. ker ρ * H ) is finite index in Λ and is called a principal congruence subgroup. Any subgroup of Λ that contains a principal congruence subgroup is called a congruence subgroup. We say that Λ has the congruence subgroup property if every finite index subgroup of Λ is a congruence subgroup (see BassLubotzky [2] for other examples of congruence subgroup problems).
The following lemma will be useful throughout this article. 
where the maps
are projection onto the jth factor. By definition
where µ(η) is the associated inner automorphism given by conjugation by η. These two sequences are related via a homomorphism
The map δ is given as follows. First, we select a normalized section of θ
by sending an outer automorphism τ to an automorphism
and define δ by
Since the choice of s is unique up to multiplication by the subgroup µ(λ ) and ρ ⋆ N λ (µ(λ )) = 1, the map δ is a homomorphism. Under δ , the subgroup K λ must map into Inn(π 1 (S g,n−1 )) since the projection to Out c (π 1 (S g,n−1 )) is trivial. In fact, there exists an isomorphism Push :
and the result is the Birman exact sequence (see [8, Theorem 4.5] for instance)
The aforementioned relationship between the sequences (2) and (3) given by δ is the content of our next lemma (see for instance [1, p. 130] ).
Lemma 2.2 is well known and there are several ways to prove it. One proof is to check by direct computation that δ • Push = µ. This can be done explicitly by verifying this functional equation for a standard generating set for π 1 (S g,n−1 ).
We finish this section with the following useful lemma. Proof. Given a principal congruence subgroup ker ρ * ∆ of PMod(S g,n−1 ) with associated geometrically characteristic subgroup ∆ of π 1 (S g,n−1 ), the subgroup ρ
. The associated principal congruence is the ρ * N λ -pullback of ker ρ * ∆ .
Proof of Theorem 1.1
The first and main step in proving Theorem 1.1 is the following (see also [13, Lemma 2.6] for another proof of this proposition).
Proposition 3.1. Push(π 1 (S 0,n−1 )) has the congruence subgroup property.
Using Proposition 3.1, we will deduce the following inductive result, which is the second step in proving Theorem 1.1.
Proposition 3.2.
If PMod(S 0,n−1 ) has the congruence subgroup property, then PMod(S 0,n ) has the congruence subgroup property.
We now give a quick proof of Theorem 1.1 assuming these results.
Proof of Theorem 1.1. The first non-trivial case occurs when n = 4 where Proposition 3.1 and (3) establish that PMod(S 0,4 ) has the congruence subgroup property. Specifically, Push(π 1 (S 0,3 )) = PMod(S 0,4 ). From this equality, one obtains Theorem 1.1 by employing Proposition 3.2 inductively.
Proof of Proposition 3.2
As the proof of Proposition 3.2 only requires the statement of Proposition 3.1, we prove Proposition 3.2 before commencing with the proof of Proposition 3.1.
Proof of Proposition 3.2.
Given a finite index subgroup Λ of PMod(S 0,n ), by passing to a normal finite index subgroup ker q < Λ, it suffices to prove that ker q is a congruence subgroup. From ker q, we obtain a surjective homomorphism
We decomposition Q via the Birman exact sequence. Specifically, the Birman exact sequence (3) produces a diagram
Note that since this diagram is induced from the Birman sequence, both p, r are surjective homomorphisms though possibly trivial. According to Proposition 3.1, there exists a homomorphism
with finite index, geometrically characteristic kernel Γ such that
As we are assuming PMod(S 0,n−1 ) has the congruence subgroup property, by Lemma 2.1 and Lemma 2.3, it suffices to find a finite index subgroup Λ 0 of PMod(S 0,n−1 )
To see this containment, first note that
Every element in the latter subgroup can be written in the form sk where s is an element of Push(π 1 (S 0,n−1 )) and k is an element of ker ρ * Γ ∩ ker q. If γ is an element of
then writing γ = sk, we see that since both sk and k are elements of ker ρ * Γ , then so is s. In particular, it must be that s is an element of ker ρ *
and so s is an element of Push(ker p). Therefore, we now know that
Visibly, any element of Push(ker p) · (ker ρ * Γ ∩ ker q) is an element of ker q, and so we have ker ρ *
We note that the above proof makes no use of the assumption g = 0, provided one knows Proposition 3.1 for Push(π 1 (S g,n−1 )).
Proof of Proposition 3.1
We now prove Proposition 3.1. The proof is split into two steps. First, we reduce Proposition 3.1 to a purely group theoretic problem using Lemma 2.2. Using elementary methods, we then solve the associated group theoretic problem. Keep in mind that one of our main goals is keeping the proof of Theorem 1.1 as elementary as possible by which we mean to minimize the sophistication level of the mathematics involved and avoiding using results whose proofs require mathematics beyond an undergraduate algebra course. The trade off is that our arguments are longer. Given a finite index subgroup Γ of π 1 (S 0,n−1 ), we first pass to a finite index normal subgroup ker p of Γ with associated homomorphism p : π 1 (S 0,n−1 ) → P. It suffices to show that ker p is a congruence subgroup and this will now be our goal.
Step 1. We first describe congruence subgroups in π 1 (S 0,n−1 ). Given a geometrically characteristic subgroup ker q of π 1 (S 0,n ) with associated homomorphism q : π 1 (S 0,n ) → Q, we obtain a geometrically characteristic subgroup ker p 0 of π 1 (S 0,n−1 ) via the commutative diagram
In addition, we have the homomorphism
where Z(P 0 ) is the center of P 0 . We would like, as before, to define a homomorphism induced by the homomorphism ρ q(N λ ) . The ambiguity in the selection of the section s is up to multiplication by the subgroup µ(C Q (q(λ ))) of Inn(Q), the image of the centralizer of q(λ ) in Q under µ. Provided C Q (q(λ )) maps to the trivial subgroup under ρ q(N λ ) , the resulting map
Proof. The essence of this lemma is that in the diagram
holds. However, since the diagram
need not commute, to show (9), we must understand the failure of (10) to commute. Note that the validity of (9) amounts to showing the failure of the commutativity of (10), namely
to be the homomorphisms induced by reduction modulo the subgroups Inn(π 1 (S 0,n )) and Inn(Q), respectively. As s and s are normalized sections of θ and θ , we have
The commutativity of the diagram
Since s(τ)(λ ) = λ and s(τ)(q(λ )) = q(λ ), we also have ρ ⋆ ker q (s(τ))(q(λ )) = s(ρ * ker q (τ))(q(λ )) = q(λ ). This equality in combination with (12) imply that ρ ⋆ ker q (s(τ)) and s(ρ * ker q (τ)) differ by multiplication by an element of µ(C Q (q(λ ))). Equivalently, the element
ker q (τ)), which measures the failure of the commutativity of (10), resides in the subgroup µ(C Q (q(λ ))). However, by assumption, C Q (q(λ )) < ker ρ q(N λ ) and so we have the equality claimed in (9) . Continuing our string of functional equalities started prior to (9), the following string of functional equalities completes the proof:
(by definition of δ ).
We say that a homomorphism p 0 : π 1 (S 0,n−1 ) → P 0 is induced by π 1 (S 0,n ) if p 0 arises as above from a geometrically characteristic subgroup ker q of π 1 (S 0,n ) and δ is a homomorphism. Under these assumptions, by Lemma 5.1,
is a congruence subgroup and so the following lemma suffices for proving Proposition 3.1. 
Step 2. The proof of Lemma 5.2 will also be split into two parts. This division is natural in the sense that we need to produce a homomorphism induced by π 1 (S 0,n ) and also control the center of the target of the induced homomorphism. We do the latter first via our next lemma as this lemma is only needed at the very end of the proof of Lemma 5.2. In addition, some of the ideas used in the proof will be employed in the proof of Lemma 5.2 (see [13, Proposition 2.7] for a more general result).
Lemma 5.3.
Let ker p be a finite index normal subgroup of π 1 (S 0,n−1 ) with n > 3. Then there exists a finite index normal subgroup ker p ℓ of π 1 (S 0,n−1 ) such that the resulting quotient P ℓ is centerless and ker p ℓ < ker p.
Proof. We first pass to a normal subgroup ker q of ker p so that π 1 (S 0,n−1 )/ ker q is not cyclic. Note that if P is cyclic, then ker p contains the kernel of the homology map π 1 (S 0,n−1 ) → H 1 (S 0,n−1 , Z/mZ) for some m. We simply take this kernel for ker q. Note that since n > 3, the group H 1 (S 0,n−1 , Z/mZ) is not cyclic. Let Q denote the finite group π 1 (S 0,n−1 )/ ker q. For a fixed prime ℓ, let V ℓ denote the F ℓ -group algebra of Q where F ℓ is the finite field of prime order ℓ. Recall
is an F ℓ -vector space with basis Q and algebra structure given by polynomial multiplication. The group Q acts by left multiplication on V ℓ and this action yields the split extension V ℓ ⋊ Q. Let q(γ j ) = q j and set R ℓ to be the subgroup V ℓ ⋊ Q generated by
We have a surjective homomorphism r : π 1 (S 0,n−1 ) → R ℓ given by r(γ j ) = r j . If q 1 has order k 1 , note that
Now assume that r ′ ∈ Z(R ℓ ) is central and of the form (v, q ′ ). It follows that q ′ ∈ Z(Q) and
).
Canceling v from both side, we see that
In particular, there must be some power k such that q ′ q k 1 = 1 and so q ′ ∈ q 1 . Next, set W ℓ to be the F ℓ -group algebra of R ℓ and let S ℓ be the subgroup of W ℓ ⋊ R ℓ generated by the set { (1, (1, q 1 )), (0, (0, q 2 ) ), . . . , (0, (0, q n−2 ))} = { (1, r 1 ), (0, r 2 ) , . . . , (0, r n−2 )} = {s 1 , s 2 , . . . , s n−2 } .
We again have a surjective homomorphism s : π 1 (S 0,n−1 ) → S ℓ given by s(γ j ) = s j . As before, if s ′ ∈ Z(S ℓ ) is central and of the form (w, r ′ ), then r ′ ∈ Z(R ℓ ) and r ′ ∈ r 1 . In particular, for some k ≤ |r 1 |, we have
for j > 1. This equality yields the equation
1 . As before, this equality implies q j ∈ q 1 for all j > 1 provided k < |r 1 |. However, if this holds, Q must be cyclic. As Q is non-cyclic, r ′ must be trivial and s ′ has the form (w, 0). For (w, 0) to be central in S ℓ , we must have (w, 0)(0, r j ) = (0, r j )(w, 0) for all j = 1 and (w, 0)(1, r 1 ) = (1, r 1 )(w, 0).
These equalities imply that r j w = w for j = 1, . . . , n − 2. Since r j generate R ℓ , the element w must be fixed by every element r ∈ R ℓ . However, the only vectors in W ℓ that are fixed by every element of R ℓ are of the form (see for instance [9, p. 37] )
Let C be the normal cyclic subgroup S ℓ ∩ (w 1 , 0) of S ℓ , P ℓ = S ℓ /C, and p j,ℓ be the image of s j under this projection. By construction, P ℓ is centerless and for the homomorphism p ℓ : π 1 (S 0,n−1 ) −→ P ℓ given by p ℓ (γ j ) = p j,ℓ , we have ker p ℓ < ker p. To see the latter, we simply note that we have the commutative diagram
holds for ϕ and the homomorphism ϕ ′ is equal to ϕ • τ for some τ ∈ Aut c (π 1 (S 0,n )). As τ preserves the conjugacy class [λ ], ϕ ′ (λ ) is conjugate to ϕ(λ ) in U ℓ ⋊ P. We assert that we have the inclusion ker(µ • p 0 ) < ker p, where p 0 is induced by the diagram
To see this containment, we first observe that
Composing with the projection map π ϕ onto the factor ϕ(π 1 (S 0,n )) associated with ϕ, we get the commutative diagram
Now, if γ ∈ ker(µ • p 0 ), then p 0 (γ) is central in P 0 . As central elements map to central elements under homomorphisms, π ϕ (p 0 (γ)) must be central in P. However, by assumption P is centerless and so f (p 0 (γ)) = 1. Since π ϕ • p 0 = p by (13) and (14), we see that p(γ) = 1. Therefore, ker(µ • p 0 ) < ker p.
The construction above only uses that π 1 (S 0,n−1 ) is a free group in the proof of Lemma 5.3. With more care, the same method used in the proof of Lemma 5.3 can be used to prove the following (for g = 1, we must assume n > 1)-this again follows from [13, Proposition 2.7] .
Lemma 5.4. Let ker p be a finite index normal subgroup of π 1 (S g,n−1 ). Then there exists a finite index normal subgroup ker p ℓ of π 1 (S g,n−1 ) such that the resulting quotient P ℓ is centerless and ker p ℓ < ker p.
In total, this yields an elementary proof of the following-this also follows from [13, Lemma 2.6].
Proposition 5.5. Push(π 1 (S g,n−1 )) has the congruence subgroup property (when g = 1, n > 1).
Finally, since the proof of Proposition 3.2 does not require g = 0, we have an elementary proof of the following, which was also proved in [ 
